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Abstract 
The Shields-Harary number (SH) is a graph parameter which has been interpreted in terms 
of network vulnerability. There is no known algorithm for calculating SH. In this paper, we 
study the Shields-Harary number for wheel graphs and wheel graphs with deleted outer edges. 
Wheels with sufficiently many outer edges deleted have the same value of SH as the star. Wheels 
and wheels with too few edges deleted have a different (but very close) value of SH, which is not 
precisely known. We show that infinitely many of these graphs have non-integral values of SH. 
Formerly, only one such graph was known. 
Keywords: Shields-Harary number; Networks; Wheels; Broken wheels 
1. Introduction 
The Shields-Harary number is a graph parameter motivated by a conjecture of 
Allen Shields. Its definition for arbitrary simple graphs is due jointly to Shields and 
Frank Harary. It is exceedingly difficult to calculate, and its value is currently known 
for only a handful of examples. 
Given a graph G with vertex set V(G) , and a weightf: VH(O, co) , we say a set 
Ss V is f-admissible if for every component H of the subgraph induced by G - S, 
We now define the Shields-Harary number 
SH(G) = sufpmjn C f (0)-l, 
vs.5 
where f runs over all weights f: V(G)-(0, co) and the minimum is taken over 
f-admissible vertex sets. 
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Similarly, we define a vertex set S to be strictly f-admissible if 
and define H(G) analogously to SH, with strictly f-admissible sets replacing f- 
admissible ones. 
In [ 11, Johnson explains how SH may be interpreted as a measure of the vulnerabil- 
ity of a network. If we consider the graph G to be a network, each of whose vertices 
can be assigned a potency (which we identify with the weight we place on the graph), 
we consider the network to have been dismantled if vertices have been destroyed such 
that the sum of the potencies on each component of the graph induced by the 
remaining vertices is less than one. 
We now make the assumption that, as Johnson puts it, “the larger grapes are easier 
to pick”, i.e. the ease with which a node may be removed is inversely proportional to 
its potency. If the defender of the network chooses the distribution of potencies 
optimally, and the attacker chooses the least costly strategy, SH is the cost to the 
attacker of dismantling the network. 
We now list some useful results from [l]: 
l If Gi is a subgraph of G2, SH(Gi) < SH(G2) . 
l H(G) = C Ha component of G SH(H)* 
l SH(K”) = L(fl + 1)2/41. 
l SH(P,) = n. (This was Shields’s original conjecture, and is proven in [2].) 
0 SH(C”) = 2n - 2. 
0 SH(Ki,,- i) = Ln”/4 J + 1. 
l The supremum in the definition of SH is never a maximum. 
l The supremum in the definition of SH is always a maximum. 
l SH(G) = M(G). 
2. Definitions 
We define the wheel graph W,, as C,_ i + u, with the vertices in the cycle 
labeled ui,...,v,_i. We call u the central vertex and vi, . . . , v, _ 1 the outer vertices. We 
define the broken wheel as a wheel with some or all of the edges between outer 
vertices removed. A broken wheel is star-like if the longest path left along the 
outer vertices has order less than Ln/2 J. A broken wheel is wheel-like if it is not 
star-like. 
The friendship graph is the broken wheel of odd order in which all outer vertices 
have degree two. We generalize this concept to friendly graphs which are broken 
wheels in which all outer vertices have degree one or two. Note that friendly graphs 
are star-like for order greater than 4. 
We use the same vertex labelings for all wheels and broken wheels. 
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3. A lemma for wheels and broken wheels 
In order to bound SH for the wheels and broken wheels, we require a preliminary 
lemma, which is proved as part of a theorem in [l] applied only to the star. 
Lemma 1. For any positive weight f on a wheel or broken wheel G such that f (u) < 1, 
there exists a strictly f-admissible subset S of the outer vertices of G such that 
zf(v)-l < Ln2/4_l(1 -f(u))-’ . 
Proof. Assume, without loss of generality, that f (VI) > ... > f (v,_ I). Let t be the 
largest integer such that Cj”Z: f (vj) + f (u) 2 1. If there is no such t, take S = 8. 
Otherwise, set S = {v i, . . . . v,}. Then S is strictly f-admissible. Now 
n-1 
f(u) + (n - t)f (vJ af (u) + C f tvi) 2 1 
i=f 
yields f (VI) >, m.0 2 f (v,) 2 (1 -f(u)) /(n - t) . Thus 
isIf (vJ- 1 < t(n - t)(l -f(u))-‘. 
Since t(n - t) has a maximum value of Ln2/4 J, we obtain the desired inequality. Cl 
4. Friendly graphs 
In [l], Johnson uses the above lemma to prove that SH(K1,,_ 1) = Ln*/4 J + 1. 
We modify Johnson’s proof to apply to friendly graphs. The following result will be 
almost completely subsumed in our later result on star-like graphs, but is instructive 
(and even useful) in its own right. 
Theorem 1. If G is a friendly graph of order n > 3, 
M(G) = Ln*/4 J + 1, 
i.e. SH(G) = SH(K1,,_ l). 
Proof. We have SH(G) 2 SIYZ(K~,~) since K1,,_l is a subgraph of G. 
We now show inductively that SH < Ln*/4 J + 1. 
Take as base case n = 4. There are two friendly graphs with order 4: K1, j and the 
three-cycle with a pendant vertex. The former graph is a star, and Johnson’s theorem 
applies. The latter graph is proven to have SH = 5 in [l, Lemma 11. 
Now suppose that n > 4 and f: V-(0, l] is a weight assignment. Iff (Vi) > j-n/2 J- 1 
for any i E (1, . . . . n - 11, we apply the induction hypothesis: since G - vi is friendly, 
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we can obtain a strictly f-admissible set S of vertices in G - vi such that 
C&(v)-’ d L(n - 1)2/4 J + 1. Th e set T = S u {Vi} is then strictlyf-admissible, and 
Zrj(,,-i 6 L(n - Q2/4J + 1 + Lnj2 J = Ln2/4 J + 1. 
Therefore, we may assume that f(ri) < Ln/2 J- 1 for all i E { 1, . . . , n}. 
For n 2 5, Ln/2 1-l < l/2, so that {u} is a strictly f-admissible set. Thus, we may 
further assume f(u) < (Ln2/4 J + 1)-l. Applying the lemma, we obtain a strictly 
f-admissible set S of outer vertices such that 
o~‘j~~Ln2/4J(l-(Ln2/4J+l)-1)-1=~~2/4J+l. 0 
5. Upper bounds 
In what follows, we require some upper bounds on SH for wheels and broken 
wheels. Let G, denote a broken wheel of order n. 
Proposition 1. 
SH(W) < Ln2/4 J + 2n - 3 + J(Ln2/4 J + 2n - 3)2 - 8(n - 2)Ln2/4 J 
“1 2 
and 
SHIG,l ~ Ln”PJ + n + ,/(Ln’PJ + 4’ - 4(n - U_n2/4J 
2 
Proof. Let a represent he bound we assert for W,. Then iff(u) > l/(a - 2n + 4) we 
are done, since 2n - 4 is the Shields-Harary number of C._ 1 g W, - u [l, Theorem 
3(c)]. So we may assumef(u) < l/(a - 2n + 4) . By the lemma, there exists a strictly 
f-admissible set S of outer vertices with 
~_fW’ < Ln2/4J/U -f(4). 
But a was chosen so that 
Ln2/4 J/(1 - (a - 2n + 4)-l) = a, 
whence Cv,sf(v)- ’ < a. 
A similar proof holds for G,, with the difference that G, - u is a union of paths, with 
SH=n-1. 0 
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Note that 
SH(G,) - SH(Kr,,-I) = 0(1/n) 
and 
SH(W”) - SH(Kr,,-1) = 0(1/n). 
6. Star-like graphs 
Star-like graphs turn out, like friendly graphs, to have the same Shields-Harary 
number as the star. 
Theorem 2. Let G be a star-like graph of order n. Then 
SH(G) = Ln2/4 J + 1 . 
Proof. Let Vi be an outer vertex of G. Then H = G - Ui is a broken wheel (but not 
necessarily a star-like graph). Applying the theorem of the previous section, we have 
M(H) < a(n) 
= L(n - 1)2/4] + (n - 1) + ,/(L(n - 1)2/4 J + (n - U2 - q(n - 1) - l)L(n - 02/4 J 
2 
So we can find a strictly f-admissible set T of vertices in H such that xucT f (u)-’ 
d a(n) . We may thus assume that 
f(Ui) < (Ln’/4] + 1 - a(n))-’ 
for all outer vertices ri. This expression is less than (Ln/2] - 1))’ for n > 7. For n < 7, 
however, the only star-like graphs are friendly. Therefore we need only consider n B 7. 
Since there are no paths on the outer vertices of G of order greater than Ln/2] - 1, 
the inequality 
f (vi) < (Ln/21- 1)-l 
guarantees that {u} is an f-admissible set. Thus, as in Theorem 1, we may assume that 
f(u) < (Lfl’/41+ 1)-l and proceed as before. 0 
7. Lower hounds 
We have established upper bounds for SH of the wheel and wheel-like graphs, but 
the only lower bound we have for either is SH for the star. We now improve our lower 
bounds on the Shields-Harary numbers of these graphs. 
Let H, be a wheel-like graph of order n. 
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Proposition 2. For n > 5, 
n(n - 2)2 
n even, 
SH(W”) > I 4(n-4) ’ (n - l)(n’ - 4n - 1) 4(n - 5) , n odd. 
For n > 4, 
SH(H,) 2 
n(n2 - 2n + 4) 
4tn-2) ’ neven’ 
and if H, - u contains a path of order at least (n + 3)/2, 
SW%) > 
(n - lJ3 
4(n - 3) ’ 
n odd 
’ 
Proof. The theorem follows from the weights 
1 
(n - 2)2 ’
- 4 
n even, n even, 
f(u) = 4 and f(ai) = 
(n - 2)2 ’ 
n2 4n n odd, 
2(n - 5) 
n odd - 1’ r 2(n n2 -- 4n 4) - 1’ 
for W,, and 
f(u) = 4 r 4 
n even, 
2(n - 2) 
n2-2n+4’ 
and {(vi) = 
n2-2n+4’ 
n even, 
2(n - 3) 
(n - 1)2’ 
n odd, 
(n - 1)2 ’
n odd 
for H,. 0 
We have ignored W, and W, since SH is known exactly for these graphs. W, z IL,, 
so that SH( W,) = 6 by [l, Theorem 3(a)]. For Wdroposition 1 yields SH d 9, while 
the weight f(v) = l/3 for all v E W, shows that SH > 9. 
In addition, Lemmas 1 and 2 of Cl] show that the only wheel-like graphs of order 
4 have Shields-Harary numbers of 5 and 6. 
It follows from Proposition 2 that SH is different for the wheel (and most wheel-like 
graphs) and the star. Moreover, the wheels and wheel-like graphs to which Proposi- 
tion 2 applies provide an infinite family of graphs with non-integer SH: as stated 
above, the upper bounds approach the value of SH for the star (which is an integer) 
arbitrarily closely as the order approaches infinity. (Johnson [l] gave a single graph 
with non-integer SH.) 
The weights used in the proof of Proposition 2 were invented to correspond to the 
worst possible case in the lemma in Section 3, the case where t(n - t) is maximized. 
The precise values of SH for the wheel and wheel-like graphs remain unknown, but it 
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seems plausible that the lower bounds we have obtained are in fact the Shields- 
Harary numbers. If they were, it would be more evidence in favor of the conjecture 
that SH(G) is always a rational number. 
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